In this paper, we complete the Hopf bifurcation analysis of the preypredator model presented in Li and Wei [8] proving that the purely imaginary roots, that solve the characteristic equation, are simple roots, and providing new findings under the assumption of small time delays.
Introduction
In recent years much attention has been paid to the study of delay differential equations in applied sciences (see e.g. [1] - [6] ). In [8] Li and Wei consider a preypredator model with Beddington-De Angelis functional response and selective harvesting of predator species in the following form 
where x and y represent population density of adult preys and predators at any time t; q is the catch ability coefficient of the predator species and E 0 is the harvesting effort; r, k, a, b, c, α, β, b 0 and d 0 are positive constants; τ 1 and τ 2 represent the time that juveniles of prey and predator take to mature, respectively. Li and Wei [8] obtained sufficient conditions for the stability of interior equilibrium and existence of Hopf bifurcation when τ 1 = 0, τ 2 > 0, and τ 1 > 0, τ 2 > 0, respectively. In this paper, we consider the characteristic equation associated to system (1) and prove the purely imaginary solutions determined in Li and Wei [8] to be simple roots. Finally, we obtain some analytical results (also related to the transversality condition) for their model in the special case of τ 1 and τ 2 small delays.
Main results
Let (x * , y * ) be the only interior equilibrium of system (1) . Then the linearization of system (1) at (x * , y * ) yields a system whose characteristic equation is (see Li and Wei [8] )
where
Case τ 1 = 0 and τ 2 > 0 : The characteristic equation (2) becomes
Let λ = iω (ω > 0) be a root of Eq. (3). Then
Li and Wei [8] prove that if
has a unique purely imaginary root λ = iω 0 (ω 0 > 0) at a sequence of critical values τ 2 = τ 2n (n = 0, 1, 2, ...);
hold, then Eq. (3) has two purely imaginary roots λ = iω ± (ω ± (3), and differentiating with respect to τ 2 , we get
If we suppose by contradiction that λ = iω c is a repeated root of (3), then differentiating Eq. (3) with respect to λ, and evaluating it at λ = iω c gives 2iω
Hence, using (5) with λ = iω c yields iω c (iC 2 ω c + D 2 + E) e −iωcτc = 0. Separating real and imaginary parts in the above equality, we have
From (4), we derive (A + C 1 ) ω c = 0 and ω 2 c = B+D 1 . Since A+C 1 +C 2 > 0 we arrive at the contradiction A + C 1 + C 2 = −b 0 < 0. The conclusion holds.
Case τ 1 > 0 and τ 2 > 0: We consider Eq. (2), with τ 2 in its stable interval and regard τ 1 as a parameter. We now follow Krawiec and Szydlowski [7] and provide some analytical results when τ 1 and τ 2 are small delays. Theorem 2.2. Let τ 1 and τ 2 be small, with 
Proof. Since τ 1 ,τ 2 are small, we can write e −λτ 1 ∼ = 1 − λτ 1 , e −λτ 2 ∼ = 1 − λτ 2 and e −λ(τ 1 +τ 2 ) ∼ = 1 − λ(τ 1 + τ 2 ). Consequently, Eq. (2) writes as
Let λ = iω (ω > 0) be a root of (6) . Then separating the real and imaginary parts of (6) we derive the equations
. (7) Recalling that A + C 1 + C 2 > 0, one has
Suppose that λ = iω is not a simple root of (6) at
. From (7) we obtain 0 = B + 2D 2 + E, which is an absurd. Next, we check the transversality condition. Differentiating (6) with respect to τ 1 yields Hence, the root λ of (6) crosses the imaginary axis at τ = τ 
